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ERROR ESTIMATES
FOR THE FINITE ELEMENT APPROXIMATION
OF LINEAR ELASTIC EQUATIONS
IN AN UNBOUNDED DOMAIN

HOUDE HAN AND WEIZHU BAO

ABSTRACT. In this paper we present error estimates for the finite element
approximation of linear elastic equations in an unbounded domain. The finite
element approximation is formulated on a bounded computational domain
using a nonlocal approximate artificial boundary condition or a local one.
In fact there are a family of nonlocal approximate boundary conditions with
increasing accuracy (and computational cost) and a family of local ones for
a given artificial boundary. Our error estimates show how the errors of the
finite element approximations depend on the mesh size, the terms used in the
approximate artificial boundary condition, and the location of the artificial
boundary. A numerical example for Navier equations outside a circle in the

plane is presented. Numerical results demonstrate the performance of our error
estimates.

1. INTRODUCTION

Let I'; be a bounded simple closed curve in R? and € be the unbounded do-

main with the boundary I'; (see Figure 1). We consider the following linear elastic
problem:

(1.1) —puANu— N+ p) graddive = f in Q,
(1.2) u=0 only
(1.3) u is bounded when 7= /2% 4+ 2% — +o0,

where © = (z1,22) is the Cartesian coordinate system and the corresponding polar
coordinate system is (7, ), u = (uy,u2)T is the displacement, A, x> 0 are the Lamé
constants and f = (f1, f2)7 is the density of applied body force whose support is
compact.

Since the problem (1.1)-(1.3) is defined in the unbounded domain €2, in finding
the numerical solution of this problem, it is often difficult to use the classical finite
element method or finite difference method directly. In the last two decades, several
methods were proposed to solve boundary value problems in unbounded domains
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[6]. One of the most popular methods is to introduce an artificial boundary and
set up artificial boundary conditions on it. Then the original problem is reduced to
a boundary value problem in a bounded computational domain. Thus a numerical
approximation of the original problem can be obtained by solving the reduced
problem. In recent years many authors have worked on this subject for various
problems by different techniques, see Engquist and Majda [3], Goldstein [11], Feng
[4], Han and Wu [20, 21], Hagstrom and Keller [12, 13}, Halpern and Schatzman
[14], Han et al. [18, 19], Han and Bao [15, 16, 17], Givoli et al. [7, 8, 9], and the
references therein.

In the above works, several authors also gave error estimates for the numerical
solution, see [20, 21, 10]. But their error estimates only depend on the mesh size
and the approximate artificial boundary condition. How the error depends on the
location of the artificial boundary is unknown. But this is a very interesting problem
for engineers. In this paper, we will discuss high-order local artificial boundary
conditions and provide error estimates for the finite element approximation of the
exterior problem (1.1)-(1.3). Our error estimates depend on not only the mesh
size and the approximate artificial boundary condition but also the location of the
artificial boundary.

The layout of this paper is as follows. In Section 2 we derive high-order local arti-
ficial boundary conditions at a given artificial boundary for the problem (1.1)-(1.3).
In Section 3 we introduce the finite element formulation of the problem (1.1)-(1.3) in
a bounded computational domain using an approximate nonlocal artificial bound-
ary condition and prove an error estimate for the finite element approximation. In
Section 4 we propose the finite element formulation of the problem (1.1)-(1.3) in a
bounded computational domain using a high-order local artificial boundary condi-
tion and establish an error estimate for the finite element approximation. Finally
in Section 5 we report on some numerical experiments.

2. HIGH-ORDER LOCAL ARTIFICIAL BOUNDARY CONDITIONS

In order to derive high-order local artificial boundary conditions, we recall here
the derivation of the exact boundary condition at a given artificial boundary for
the linear elastic problem (1.1)-(1.3) as described in [7, 21].

Introducing a circle ', with radius R such that supp f C Bg(0) := {x € R?
|z] < R}, then Q is divided into two parts: the unbounded part Q. := Q\ Bgr(0)

FIGURE 1
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and the bounded part €; := Q\ Q. (see Figure 1). The restriction of a solution u
of the problem (1.1)-(1.3) to the unbounded domain €, is then a solution of the
following problem:

(2.1) —uAu—A+p)graddive=0  inQ.,
(2.2) ulr, = u(R,0),
(2.3) u is bounded when 7 = /2% + 23 — +o0.

We know that the general solution of (2.1)-(2.3) is (see [21] for detail)
(2.4)
ui(r,0) = (r* — R2)W;(r,0) + Gi(r,§) R<r<+oo 0<6<2r =12,
where G1, Go, W1 and W are harmonic functions which satisfy
(2.5)
Gi(r,0) = —6 i (al, cosn + b sinn@)—}ﬁ
’ 2 " "

n=1

R<r<+4+o0 0<6<27 1=1,2,

o ) R—2
Wi(r,8) = », cosnf + g}, sinnd
26) (r,9) ;(p q )~
R<r<+oco 0<6<2mw 1=1,2;
with k = Xi_u and
(2.7
. 1 27 1 21
ay, = — Gi(R,B)cosn9d0=-—/ u;(R, 6) cosnb db 1=1,2 n>0,
™ Jo T Jo
(2.8)
) 1 2m 1 2m
by, = — Gi(R,G)sinn9d0=—/ u; (R, 0) sinnd do 1=1,2 n>1;
T Jo ™ Jo
(2.9)
pr =0 = n—2( —b_5), = =2 (bh_p+a2,) n=3
n n 2_'_4,{, n n 2_‘_4& n—2 n—2 =

Let e(u) = (ei5(u))2x2 and o(u) = (04;(u))2x2 be the strain and stress tensors,
respectively, which satisfy

(2.10)

€44 (u) = ( Ous | Ou;

—I———) R aij(u) = )\divu5¢j+2u€ij(u) 1<4,5<2.
Or; Oz

Furthermore let 0, () = (0, (1), 0, (u))” be the normal stress corresponding to
the displacement u at the artificial boundary I'e, say

(2.11) on;(u) = 0i1(u) cos 0 + 0iz(u) sin 0| i=1,2.
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Combining (2.4) with r = R, (2.10) and (2.11), a computation shows (see details
in [21])

(2.12)
,u(2 + 2&) 8G1

L G
r—r (1+2r)R 00 | _5

() = ( om (%)

1+2k  Or
)

w2+ 2k) OG> 2pk  0Gy
1+2c  Or | _p (1+2s)R 00 | _p

We differentiate (2.5) with respect to r on noting (2.4) and (2.12) and set » = R to
obtain

(2.13)

24265 p 2m 2k 1 Oug(R,H)

7l = 1+2WRZ / uL(R, ¢) cosn(f — ¢) dp — == 25
—1 1 27
= {737} ngln/o (24 2k)ui(R, @) cosn(d — ¢)
— 2kug(R, 0) sinn(d — ¢)]de

= Tl(u)a

(2.14)

2k pou(R,0) 2+2k p I
(W) = 75 R o8 1+2MR21"/0 uz(R, ¢) cosn(f = ¢) d¢

0
N 2m
iR ; / [2ku1(R,0)sinn(f — ¢)

+(2 + 26)ua(R, d) cosn(6 — ¢)] dp

This is the desired exact boundary condition at I for the problem (1.1)-(1.3). Thus
the restriction of the solution w of the problem (1.1)-(1.3) to the bounded domain
Q, is a solution of the following problem.

(P) Find w such that

(2.15) —pAu— AN+ p) graddivu=f in Q,
(2.16) u=0 on T,
(2.17) on(u) = (Ty(u), To(w))"  onT..
Let
(2.18)
N -1 o
7w = o ;n/[) (2 + 26)ur (R, 6) cosn(8 — o)
— 2kug(R, 0) sinn(6 — ¢)]de,
(2.19)
N -1 U N 2 )
(0 = o ;n /0 2kus (R, 0) sinn(6 — o)

+ (2 + 2K)uz (R, ¢) cosn(f — ¢)]dg.



ERROR ESTIMATES FOR FINITE ELEMENT APPROXIMATION 1441

Then we obtain a series of approximate artificial boundary conditions at I,
(2.20)

on(w) =TV (w) = (TN (), T w))" onT, N=0,1,2,...,

where T°(u) = (0,0)T is the stress free boundary condition which is often used
in engineering literature. Then the original problem (1.1)-(1.3) can be reduced

to the following problem defined on the bounded domain €2; approximately for
N=0,1,2,....

(Pn) Find u, such that

(2.21) —puADu, —(A+p) graddivu, =f  inQ,
(2.22) Uy =0 onI'y,

(2.23) onluy) =TV (uy) on Ie.

Now we discuss high-order local artificial boundary conditions at I'. for the
problem (1.1)-(1.3). We consider a solution u of the problem (1.1)-(1.3), which
consists of the first NV harmonics at I',. Thus we assume

(2.24) u;(R,0) = %0 + Z (al, cosnf + b sinnf) i=1,2,

n=1

where the a’, b}, a2 and b2 are constants (Fourier coefficients, see (2.7) and (2.8)).
Substituting (2.24) into (2 13) and (2.14), we get

(2.25)
N
242k p 2k Ouz(R,0)
O, (u) = v o R E: a,, cosnf + by sinnf) — TIPS TR
N
2
o, (u) = £oponR0) 242 n (a2 cosnf + b2 sinnd) .

1+2cR 06 1+2/@Rn=1
It is desired to find a linear differential operator Ly which does not depend on n,
such that
(2.26)

Ly[l)=0 Lylcosnf] =ncosnfd Ly[sinnd] =nsinnd n=1,2,...,N.

With such an operator at hand, noting (2.24), then (2.25) can be written
(2.27)

242k p 2k p Ouz(R,0)
om (W) =~ 5, RN (RO - o e
o (1) = 26 Ouq (R, 9) 2+ 2K [ B e lua(R,0)).

1+2cR 06 1+2cR

The equality (2.27) is a local boundary condition at T'. which is exact for all solu-
tions consisting of at most the first NV harmonics at I'.. Noting the fact that

(2.28)
d2m d2m
Jgam ©08 nd = (=1)™n?" cosnb, T sinnd = (—1)™n?" sinnd

m>0 n>0,
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TABLE 1. The coefficients a,(fq,v ) in the first five local artificial
boundary conditions

a(lN) agN) agN) aiN) agN)
N=1]|1
N=2|7/6 ~1/6
N =3 |74/60 ~15/60 | 1/60
N =4 |533/420 | —43/144 |11/360 | —1/1008
N =5 | 3881/3780 | —214/643 | 71/1728 | —13/6048 | 1/25920

we can assume the operator Ly has the following form:

N

(2.29) Ly[u(R,0)] = (-1)"al) ggzmm

u(R,0).

m=1

Inserting (2.29) into (2.27), noting (2.25) and (2.24), we obtain
N
(2.30) Zanag)-——n n=12...,N.
m=1

It is straightforward to check that the linear system (2.30) has a unique solution
for any n € N. Table 1 shows the coefficients a%v ) in the first five local artificial
boundary conditions. In the paper [25] by A. Sidi, a similar linear system was

discussed. Combining (2.27) and (2.29), we get high-order local artificial boundary
conditions at I'. for the problem (1.1)-(1.3):

~ - ~ T
(2.31) on(w) = TN (u) = (TlN(u),TQN(u)) N=1,2,...,
where
(2.32)
N
. 242k p 9%y (R, 6) 2k p Oug(R,0)
TN — _ - —_1\Ymq (V) — _
) 1+2/€R2::( Do 5gm 1+2R 00

m=1

N
T () 26 pow(R,0) 2+4+2kp

g m o (V) 82mu2(R, 9)'

T 1+2«R 96 1+2/<Rm=1(_1) o 9ePm

Then the original problem (1.1)-(1.3) can be reduced to the following problem
defined on the bounded domain §; approximately for N =1,2,....
(Pn) Find 4, such that

(2.33) —u Aty —(A+p)graddiva, = f in Q;,
(2.34) Uy =0 on I';,
(2.35) onlty) =TN(@,) onT,.
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3. THE ERROR ESTIMATES FOR THE CASE
OF USING NONLOCAL ARTIFICIAL BOUNDARY CONDITIONS

In the work [21], the authors have already given error estimates for the finite
element approximation of the problem (Py). But from their estimates, we don't
know how the errors depend on the location of the artificial boundary. In this
section, we will present new error estimates for the finite element approximation
of problems (Py). These error estimates depend not only the mesh size and the
approximate artificial boundary condition but also the location of the artificial
boundary. This kind of error estimate is very useful in engineering applications.

Let H™(Q;) and H*(T'.) be the usual Sobolev spaces on the domain €; and the
boundary I'. with integer m and real number s. Suppose

V={v=(v,m)" € H'(Q) x H'(Q) | vl, = 0}.

Then the boundary value problem (P) is equivalent to the following variational
problem.

(VP) Find uw € V such that

(3.1) a(u,v) + b(u,v) = f(v) Yv eV,
where

(3.2)

2
a(u,v):/ /\le’U,leU‘l'Q/JZ&‘W u)ei;(v) | do
Q

i 4,j=1

/ (A divudiv o+ 2ue(u) : e(v)]de Yu,v eV,
Q;

(3.3)
2_‘_2’%# 0 2w p2m
) =g on [ [ R emRo)

+ ug(R, @)va(R,0)] cosn(f — ¢)do do

27 27
13‘12‘%iz / / u1R¢UzR0)
—uz(R, ¢)v1(R, )] sinn(6 — ¢)db do

2+2w m /2’* ou1 (R, @) 801( 9) 3uz(R,¢) 3vg(R,9)}
S 142w 4 / [ ¢ o0

cosn(9—¢)d9d¢

T[T [0uy (R, ¢) Ova(R,0)  ug(R, ¢) dui(R, 0)}
/ / [ 00 o o0

: Wdedqﬁ Yu,v €V,

(3.4)
= / frudx Vv e V.
Q;
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Furthermore let
(3.5)

2+2f{//l, 2m 2m
by (u,v) 1+2mz / / [u1 (R, $)v1 (R, 6)

+ ug(R, @)va(R, 0)] cosn(6 — ¢)db do

2% L 27 27
1+2K/7TZ / / [ua(R, $)v2(R, 0)

—uz(R, d)v1(R,0)]sinn(f — ¢)db do

Yu,v € V.

Then the boundary value problem (Py) is equivalent to the following variational
problem.

(VPy) Find u, € V such that
(3.6) a(t,y,v) + by (uy,v) = f(v) Yve V.

If we replace V by its finite element subspace V" in which h represents the mesh

size [11], then the finite element approximation of the problem (VPy) is as follows.
(VP%) Find v € V" such that

(3.1 a(ul  v") + b, (u’;,vh) = f(v") Yot e Vi

We note that the symmetric bilinear form a(-,-) is bounded and coercive on

V x V from the Kérn inequality [23] and Poincaré inequality [1], i.e., there exist
positive constants My, My such that

(3.8) la(u,v)| < Miflully - llvllv  Vu,v €V,
(3.9) Ms|lvl|% < a(v,v) Yu e V.

Thus we can define an equivalent norm on the space V:

(3.10) vl = [a(v,0)]?  VveV.
Therefore we have that

(3.11) la(u, v)| < lulls - vl Vu,veV,
(3.12) vl < a(v, v) Vv e V.

For the symmetric bilinear forms b(-,-) and b, (-, ), we have that

Lemma 3.1. The following inequality holds:

(3.13) 0 <by(v,v) < b(v,v) < a(v,v) = |jv|? YoeV N>0,

(3.14) [b(u,v)| < lulls - [loll, oy (w, o) < Nlufl« - [0lle  Vu,veV N=0.
where b(u,v) and by (u,v) are defined in (3.3) and (3.5), respectively.

Proof. For any given u,v € V, we formally expand u|p, = u(R,0) and v|p, =
v(R,#) in Fourier series, i.e.,

(3.15) u;i(R,0) = a_zg + 5 (af cosmf + b} sinnf)  i=1,2,
n=1
(3.16) v;(R,0) = % + S (¢t cosnf + di sinnf)  i=1,2,

1

3
i
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where af), b, are defined in (2.7) and (2.8), and

(3.17)
X 1 2 . 1 2m
cﬁL:—/ v;(R,0) cosnb db, d;:—/ vi(R,0)sinnd db, 1=1,2 n>0.
0 0

7r 7r
Inserting (3.15) and (3.16) into (3.3) and (3.5), we get

(3.18)

2 = S
blu,v) = f; > [Z(a;c; + b dy,) + lag, +b2) (e, + d2)
n=1

=1

+m@—ﬁmﬁ—ﬁﬁ,

(3.19)
2

N
2pm o i
TTom E n [ 5 (abch +bhdh) + w(al 4 b2)(ck + d2)
n=1

i=1

by (u,v) =

+a%—a®wz—éﬂ.

We denote ) the domain enclosed by I';, and ) the disk bounded by T (i.e., 0=

QU UT,) (see Figure 1). Then for any v € V, we define the function v(®) which
satisfies

(3.20) —p AV — (X + p) grad div 0@ =0 in Q,
(3.21) @ =y on I, UT,.
(3.22) v9=0 in Q.

12 L 12
Then we know v(9) € {Hl (Q)] . We also define the function v(*) € [Hl (Q)] which
satisfies

(3.23) —p Ao — (X + p) grad div o =0 in €,
(3.24) o =y on [I..

Then v(¥|q, minimizes the functional [, [A(divw)? + 2ule(w)|?] do among all
functions w € [H'(;)]? which are equal to v on T', UT;. Similarly, v minimizes

12
the functional [, [M(divw)? +2ule(w)|?] dz among all functions w € [Hl(Q)]
which are equal to v on I'. Therefore we have that

a(v,v) = / [A(divv)? + 2ple(v)]?] dz > a(v®,0(©)
Q4
(3.25) = / [)\(div 002 4 2u|5(v(0))]2] dx
o)

> / [)\(div o2 4 2u|€(v(1))|2] dx.
Q
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Recalling that v(") is a solution of the problem (3.23)-(3.24), using separation of
variables and noting v |p, = v (R, 8) = v(R, ), we obtain

(3.26)
2,2
(1) R —r
vy (r,0) = ST AR ;(n—I—Z)[(c}lH—diH)cosnO
= . o
+ (o + ci+2)smn9]w
cl 0 rn
+50+;ﬁ(c}1cosn9+d}lsinn9) 0<r<R 0<6<2m,
(3.27)
1 R —7”2 >
( )(,,«’ 6) T in n_o(n+2)[—(di+2 +c2 ;) cosnb
- . -
+ (chyo — diyp) sinnb)] Rn?
B S T (cosnd+ sinnd) 0<r<R 0<0<?
+5+§::1—R—5(cncosn + d2 sinnb) <r< <0 < 2m,
where
(3.28)
. 1 2 (1) 1 27
cy, = —/ v; "’ (R, 0)cosnb df = —/ v;(R, 0) cosnf df 1=1,2 n>0,
T Jo ™ Jo
(3.29)
) 1 2 1) 1 27
di, = —/ vg (R,0)sinnf df = —/ v(R,0)sinnfdd  i=1,2 n>1.
T Jo T Jo

Combining (3.25), (3.26) and (3.27) with r = R, (3.28), (3.29), (2.10) and (2.11)
with v = v}, (3.18) and (3.19) with w = v, and integration by parts, we obtain
(3.30)

a(v,v) > / [/\(div )2 4 2u|5(1}(1))|2} de = / on(v®) oM ds
Q

e

_ 2425 p ko oo (1) (1)
- 1+2H;7;nA A [7']1 (R7¢)Ul (Rae)
(1)(R qS)vgl)(R, 6)] cosn(f — ¢)do do

25 # 2m 27 ]_)
1+2/£7r Z / / (R.9)

- vzl)(R, qb)vgl)(R, 0)]sinn (0 — ¢)do do

= b(v™, v = b(v,v)

2 > .
= 15 2 [(eh)?  (dh) + ()7 4 (d2) + el + d2)? o+ m(d), — c2)?]
n=1

N

2um Z 142 142 242 212 1 242 1 212
> + + + + + + —
=1 2% n:1n [(Cn) (dn) (cn) (dn) "i(cn dn) H(dn cn) ]

=b,(v,v) >0.
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Then the desired inequality (3.13) is proved. Thus the inequality (3.14) follows
from (3.13) and the Schwarz inequality immediately.

It follows immediately from (3.11), (3.12) (3.14) and (3.13) that the variational
problems (VP), (VPy) and (VP%) are well posed; that is, for f € V', the dual of
V', there exists a unique u € V solving (VP), a unique u, € V solving (VPy), a
unique u” € V" solving (VP%), and

(3.31) lall + luy e+ lu e < 3] fllv.

Note that the well-posedness of (VP) implies immediately the well-posedness of the
original problem (1.1)-(1.3).

Let Ry = max{|z| : = € supp fUTL;}, To = {(Ro,0) : 0 <6 <27} and
Qo={zeQ : |z|<Rotand ', = {(r,0) : 0 <0 <27}. We recall an equivalent
definition of Sobolev space H*(T',) for any real number s [22]:

we H (') <= w(r,6) = %+mecosm9+qmsinm6’)

m=1
and
e >
=0+ D (L4 m) (o, + 2 < oo
m=1
Thus we use
o 1/2
(3.32) [wls,r, = [Z mm* (pp, + qfn)}
m=1

as a semi-norm of the space H*(T';). Then we have the following estimate.

Lemma 3.2. Suppose v € V is a solution of the exterior problem (1.1)-(1.3) and
there exists an integer k > 1 such that u|p, € [H*"2(I'0)]2. Then we have that

(3.33)

C R max{1,N—1}
b0) = b 00)] < s (2 iy ol YoV,

where Cy is a generic constant independent of u, N, h and R.

Proof. Assume that

(3.34) ui(Ro,0) = % + zl(pil cosnb + ¢t sinnf)  i=1,2,
(3.35) v(R,0) = % + S (ct cosmf + di sinnf)  i=1,2,
n=1

where ¢}, and d!, are defined in (3.28) and (3.29), respectively, and
(3.36)

) 2 ) 1 2
po= o [ R 0)cosnd a0, gio= [ ui(Bo,0)sinn0 o,
™ Jo ™ Jo

i=1,2 n>0.
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Note that u satisfies the homogeneous Navier equations (say (1.1) with f = 0) in
the domain {z : |z| > Rg}. By separation of variables, we get

(3.37)
oo
uy(r,0) = T;;ﬁf nhS(n —D[(pL_y — ¢%_,) cosnb
R—2
+ (qh_o + P2 _5) sinnd)] :n
+p~(1)—|-i(p%cosn9_|_ql sinn@)% Ro<r 0<0<o2n
2 — n n
(3.38)

r? — R &
us(r,0) = 5 _|_4HO Z(n — 2)[~(gpp + Ph_2) cosnb
n=3

n—2
+ (Pros — gn_s) sinnd] =
p2 © R
—I—?O—I—Z(pflcosn@—l—qisinne)r—g Ro<r 0<6<2rm.
n=1
Setting r = R in (3.37) and (3.38), we obtain
ai © . .
(3.39) ui(R,0) = 70 + > (acosnf + bl sinnd), =12,
n=1
where
(3.40)
a, <R0>n " 2 po n=012
=\ = - -R

AR |+ SRR R ) n2 3

(3.41)
(gl =1,2
by, = <@> e P
R G+ " Grage (G2 tPr2) 123

(3.42)

2 (R())n pquz n:031a2,

an =\ - —2)(R*—R?

"TAR) | -t it pi ) n2 3

(3.43)

b2 <R0>n a n=1,2,
= | — _9)(R2_R2
" R g + %R?,‘O—)(P%-z —q2 ) n=>3.
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From (3.39), (3.35), (3.18) and (3.19), noting (3.40)-(3.43), (3.36), (3.14) and (3.13),
we obtain

(3.44)

[b(u,v) — by (u,v)|
2um

1 + 2K

[eS] 2
Z n [Z(a;c; +bidh) + m(al + b2)(ch 4 d?)

n=N+1 i=1

bl — ) —@H

IN

12—57;,% [ i n((ai)z + (b}z)Q + (Cli)‘2 + (bi)Q
n )
o lan + 03) + (b, = afﬂ]
[eS) b
. I: Z n ((C}z)Q—F(d,]"l)z+(Ci)2+(di)2+ﬂ(c}l+di)2+ﬁ(c}l B di)2)]
n=N+1

<C| 3 o (0 )

00 2

1/2
2n
DY n:“Z((p;)%(q;)Q)%S;} vl

n=max{1l,N—1} i=1

|U|k+%,ro vl

_ CO & max{1l,N—-1}
“(N+ DI\ R

Combining Lemmas 3.1 and 3.2, we get the following error estimate.

Theorem 3.1. Suppose u is the solution of the problem (1.1)-(1.3) and u’}v is the
solution of the problem (VP ). Suppose f € [L*(%)]? and ulp, € [H*tz(T))2
(k > 1). Then we have the following error estimate:

(3.45)

N < . 1 Ro max{1l,N—1}
e —wille < Co) Jof e —wll + et (7 el gor |-

Proof. Let e :=u — u’;,, e’ =" —y and e := v — u’}f’. Subtracting (3.7) from
(3.1), we have that

(3.46)
a(e,v™) + by (e,v") = blu,v") — by, (u,v") Vol e VI
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From (3.12), (3.11), (3.14), (3.13), (3.46) with v"* = " and (3.33), we have that

le® 1% = a(e", ") < a(e",e") + by (e", ")
=a(e’,e™) + by (e’ e") +ale,e™) + by (e,e")
= a(e, e™) 4+ b, (e, eh)-l-b (u,e™) — blu, e™)
max{1,N—1}
< 2e” - Pl + ey () gz - €8l
Thus
(3.48)

max{1l,N—1}
1 R
h v 0 h h
“6 ||* S CO “6 “* + (N+1)k_1 <R> lu‘k_l_%’ro:l Yo't e V"

Then the desired result (3.45) follows from (3.48) and the triangle inequality.

If we suppose u € [HPT1(Q;)]2, ulr, € [HP2(I)]?, and the interpolation error
of V" approximate to V is [2]

3.49 inf — oMy < Coh? |
(3.49) A Nlu =ty < CobPlulpr o,
then combining (3.49) and (3.45), noting the Kérn inequality and Poincaré inequal-
ity, we get
(3.50)
lu — ’U,}IZ}H]_,QO < Colu—ul]1q, < Co/ [Aldiv(u —u "2+ 2ple(u — ul)|?] dz

Qo
<y a(u—u’;,,u—u};,)

1 Ry max{1,N—1}
< Co [RPlulpyr,0, + W (“ﬁ) |u|p+%,1—‘0 .

4. THE ERROR ESTIMATES FOR THE CASE
OF USING HIGH-ORDER LOCAL ARTIFICIAL BOUNDARY CONDITIONS

_In this section, we will present the finite element formulation of the problem
(Px) and provide an error estimate for the finite element approximation. To cope
with the high-order local artificial boundary condition (2.31), we define

V ={ve[H Q) |vlr, € [HY(T)P® vlr, =0}
Let
(4.1)

by (u,v) = / v- TN (u) ds
2—|—2/‘6 / Z N) [8 ui(R,6) Bmful(R 0)

142k agm o™
0™z (R, 0) 0™va(R, 0) &0
oo™ o™
2ur (7 [Dus(R, 0) Bu1(R, 0) i
142k /0 [ 86 v1(R,0) 90 va(R,0)| d Vu,v V.
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Then the weak form of the problem (Py) is as follows.
(VPy) Find @, € V such that

(4.2) a(liy,v) + by (Uy,v) = flv)  YveV.

If we replace V by its finite dimensional subspace, Vh C V in which h is the mesh
size [2] (a family of such subspaces were introduced by Givoli et al. [10]), then the
finite element approximation of the problem (\N/P ~) is as follows.

(VP%) Find @" € V" such that

(4.3) a(a’;,vh) +b, (ﬂ}fv,vh) = f(o") ol e VP,

From (3.11) and (3.12), the well-posedness of the problems (VPy) and (VP%)
depend on the property of the symmetric bilinear form b ~ (u,v). For any u,v € v,
we can also expand u|r, = u(R, ) and v|r, = v(R,0) in Fourier series (see (3.15)
and (3.16)). Substituting (3.15) and (3.16) into (4.1) and using the orthogonality
of the cosines and sines, we obtain

(4.4)
by (u,v) = 24 i['y(m (akch +bLdy +ack +b2d2)
+ kn(al +b2)(ch +d2) + rn(by, — a2)(dy, — )] Vu,v €V,
(4.5)

[ee]

2
b (0,0 H%Z D3 ((€)? + ()

i=1
+ kn(ch +d?)? + kn(dl, — 2)?| YveV,

where
(4.6)

N
VSlN)z(l—H@)anma%V)—nn (14BN —kn  VneN.
m=1
Thus the property of b, (u,v) depends on the property of fy%N) (or ﬁ,(zN)).
Table 3 shows o ) is positive for odd m, and is negative for even m > 0 for
1 < N < 5. This property can be demonstrated numerically for 1 < N < 20 (in

fact this property can be proved for any positive integer N using the method given
by Sidi in [25]). Thus we have that

(4.7)

(N) Ny _ | >0 N is odd,
>0, N —{<0 N is even, 1= N <20

From the engineering application point of view, the parameter N in (2.31) is always
less than 10. Therefore in this paper we assume N < 20 in (2.31).

Then for the ﬁéN) we have
Lemma 4.1. If1 < N <20 is odd, then

(4.8) BN >n vn>1 m 2o 5
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If 1 < N <20 is even, then

(4.9)
Y w
BN <0 when n is sufficiently large n_l_l)l_'{loo Py ag\, ) <.

Proof. We set a polynomial function whose degree is 2N, say
N
(4.10) () =Y ol — 1.
m=1

Since n;(t) is an even polynomial function whose degree is 2N — 2 and 7/ (0) =
ZagN) > 0 for 1 < N < 20 by noting (4.7), we know that n’ (£) = 0 has at most

N — 1 nonnegative roots. Thus 7, (t) = 0 has at most N + 1 nonnegative roots.
From (4.10) and (2.30), we know that ¢t = 0,1,2,...,N are roots of 1, (t) = 0.
Thus for 1 < N < 20, we have that

. ny (t
(4.11) ny(t)#0 Vt>N Jim thz(v) = o,

Then the desired inequalities (4.8) and (4.9) follow immediately from (4.11) and
(4.7).

From the above discussion we have

Lemma 4.2. For odd 1 < N < 20, there exist two generic positive constants CJ(VI)
and C? depending only on N such that

(4.12) |IN7N (u,v)] < CI(VQ)WIN,FR |v|NTR Vu,v €V,
(4.13) COWwEp, <b,(v,0) YweV.

Proof. For any odd 1 < N < 20, noting (4.6) and (4.8), we know that there exist
positive constants C(1) and C? such that

(4.14) CPn2N <4 <cPp®N n=1,23,....

From (4.14) and (4.4), noting (3.32) with » = R, (3.15) and (3.16), we have that
(4.15)

@A%MSCQXMWHQQ+¢¢+ﬁ&+ﬁﬁ
n=1
+ ’aidi — b;tlcf1 — aid}t + bicﬁl]
00 2 1/2
<oy [Z n?N S [(al)? + <b:;>2}}
n=1 =1
1/2

1) SEDICITNCE

< CPlyr, lvr,  VuveV.
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Furthermore from (4.14) and (4.5), noting (3.32) with r = R and (3.16), we obtain

[ee)

b 020) 2 1 3 (G0 + () + () 4 ()

n=

(4.16) > C}(\}) anN ((C;)z + (d}L)z + (ci)z + (d%)z)

n=1

= C](\});vl?\we YoeV.

Thus the desired inequalities (4.12) and (4.13) are proved.

From the discussion above, noting the Kérn inequality and Poincaré inequality,
we assign the following norm on V:

(4.17)

/2 ]1/2

vl = [a(v,v) + ik r,] " = [I0l2 + oIk, Voev.

Tt follows immediately from (3.11), (3.12), (4.12), (4.13), (4.6), (4.8) and (4.9)
that the variational problems (VPy) and (VP%) are well posed in the case of odd
1< N <20 or N =0 and they are not well posed in the case of even 0 < N < 20;
that is, for f € V', the dual of V, there exists a unique @, € V solving (VPy), a
unique 4" € V" solving (VP%), and

(4.18) liylla + 8% s < Myl fligy ¥odd 1 <N <20,

where My is a constant.
Then we have the following estimate.

Lemma 4.3. Suppose u € V is a solution of the exterior problem (1.1)-(1.3) and
ulp, € [HNT1(T)]%. Then we have the following estimate for odd 1 < N < 20:

(4.19)

~ R max{1,N—1} ~
|b(u’v) - bN ('LL, 1)); < C(N) <§0> |u|N+17Fo : IUIN,Fe YvevV,

where C(y is a constant independent of u, R and h.
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Proof. Subtracting (3.18) from (4.4), noting (4.6), (4.8) (3.40)-(3.43) and (3.32),
we obtain for odd 1 < N <20

(4.20)
‘b(u, v) = by, (u, v)\

2um >
=Tyan| & (4 (Z n*"af) — ") (ahch +bid) + aZc? + b2d?)
n=N+1
[e0]
<Cwy Y n*Nlakeh +bLdl +alcl + b2d2|
n=N+1
0 2 1/2
<Cuvy { >Ny ((ah)? + (bfl)z)]
n=N+1 i=1
[ oo 2 1/2
> Y (@) <d;>2)}
Ln=N+1 i=1
i 1/2
- AN+2 ((, 112 142 212 2.2y R3"
< Cvy > n ((pn)? + (20)* + (P2)* + (¢2) )Ez_ﬁ Jolnr,
| n=max{1l,N-1}

0 max{1l,N—1} ~
< Cvy <7§> lulvtir - V[N, YvEV.
Combining Lemmas 4.2 and 4.3, we get the following error estimate.

Theorem 4.1. Letu be the solution of the problem (1.1)-(1.3) and @" the solution
of the problem (VPY,). Suppose f € [L2()]? and ulp, € [HN+1(Do)]2. Then we
have the following error estimate for odd 1 < N < 20:

(4.21)

" RO max{l,N—1}
HU_UN”A SC(N) mf ”U_UhHA'I‘

= |UlN+1,I‘o}

with constant C(yy independent of u, R and h.

Proof. The proof of this theorem is similarly to the proof of Theorem 3.1. It is
omitted here.

If we suppose u € [HP*1(Q))?, ulr, € [HPTV(I¢)]? and the interpolation error
of V" approximate to V is
(122) inf flu— s < Col? (lulpsr, + lulpr e,

vheVh

(a family of this kind of finite element subspaces was proposed in [10]), then com-
bining (4.22) and (4.21), noting the Kérn inequality and Poincaré inequality, we
get for odd 1 < N <20
(4.23)

lu = " |10, < Colu—a" 1,0, < Collu—@l||a

Ry max{l,N—1}
< Cvy [P (lulp+1,0, + [ulprnr,) + <'—‘>

R |UIN+1,F0]'



ERROR ESTIMATES FOR FINITE ELEMENT APPROXIMATION 1455

5. NUMERICAL IMPLEMENTATION AND RESULTS

In this section we present the numerical results which demonstrate the perfor-
mance of the error estimates (3.50) and (4.23). In our example, we take p = 1,
zt = (0,0.25), and = = (0,—0.25), and the unbounded domain Q = {z € R?
0.5 < |z|} is the exterior domain outside a circle I'; = {z € R? : |z| = 0.5}. In our
computation, when dealing with nonlocal approximate artificial boundary condi-
tions (2.20), continuous piecewise linear elements were used throughout the domain
;. When dealing with high-order local artificial boundary conditions (2.31), con-
tinuous piecewise bilinear elements were used throughout the domain ;, except
in the single layer elements adjacent to the artificial boundary I'e. There, special
finite elements, 6’1%;1 (which were introduced by Givoli et al., [10] and has C?(T)

regularity at I'.), were used. That is to say, p = 1 in the interpolation errors (3.49)
and (4.22) [2, 10].

Example. An exterior problem for Navier equations.
We consider the Navier equations in the planar domain outside a circular obstacle

of radius a = 0.5 (see Figure 1). The problem is governed by the following boundary
value problem:

(5.1) —pAu—\+p) graddivu = f = (f1, f2)" nQ={z: 05<|z|},
(5.2) u(0.5,0) =g(6) = (91,92)"  onT; =09,

(5.3) w is bounded when r =/z%+ 23 — 400,
where

—8z2[(3\ + 6p)z? + (N +4p)xd — (A +3p)] 0.5 < |z| < 1.0,
filz) =
0 1.0 < |z,

—8z1[(A + 4p)x? + 3\ + 6p)23 — (A +3p)] 0.5 <|z| < 1.0,
0 1.0 < |z;

A+ 3u 1.25 +sin 6 A4+p 2cos®fsind
g1(0) = In _ —
2u(A+2u)  1.25 —sin®  p(A+2u) 1.5625 — sin® 0
4£0.281255im0 0<0 <2,

9200 = Z 520 125 w6 125+ smf

+0.28125cosf 0 <6 < 27.

(A+ p) cos 6 [sinO—O.S) sin9+0.5}

This problem has an exact solution:

M3 le—et] L A e _ af
pOF2p) =zt T op(Atp) [le—zF? Jz—zT]?

uy(z) = +z(]z)2—-1)2 0.5 <|z| < 1.0,

A+3u lz—z7| Atp a3 a3 .
e E e iamoean il el e 1.0 < faf;
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In(£y)

-25 -2 -1.5 -1

—In(N +1)

0.5 0

FIGURE 2. The effect of N using nonlocal artificial boundary conditions

TABLE 2. The effect of the mesh size h using nonlocal artificial
boundary conditions

Mesh h=0.31416 | h = 0.15708 | h = 0.07854 | h = 0.03927
max |u—u"| | 1.5631E-2 | 4.1784E-3 | 1.0707E-3 | 2.6869E-4
llu—u”llog, | 4.4819E-2 | 1.2438E-2 | 3.1956E-3 | 8.0471E-4

| - u” |10 0.7745 0.4067 0.2060 0.1034
Ap \:931(932'“$3—) _ xl(xz—mz_)]
p(2p) | Te—at? fa—a |7
us(z) = +zi(jz2 - 1)% 0.5 <|z| < 1.0,
_xt —xs
oty e - gl 10 <.

First we test the effect of the mesh size h in the error estimates (3.50). We
introduce a circular artificial boundary I'e = T'g of radius R = Ry = 1.0. On I'g
we apply the nonlocal artificial boundary condition (2.20) with N =0,1,2,... or
high-order local artificial boundary condition (2.31). In the annular computational
domain g, we use four meshes. The first mesh consists of 2 radial layers of ele-
ments, with 20 quadrilateral elements in each layer. We denote it as 2 x 20. The
other three meshes are 4 x 40, 8 x 80 and 16 x 160. Table 2 shows the maximum
errors of u — u” over the mesh points, |lu — u” [|0.q, and |u — u” |, o, for large N
(say N =51).

The results show that the convergent rates of |u — uly|1 ., and |u — ul 0.0,
with respect to h are 1 and 2 when using nonlocal artificial boundary conditions,
respectively. Second we test the effect of N in the error estimate (3.50). Let u?
denote the finite element approximation of the problem on the domain g with
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-15

-20 oN=0
~N=1
+N=3

-25 +~N=5
~N=7
—+—N=9

30

-1.2 -1 08 068 04 D2 0

In (Ro/ R)

FIGURE 3. The effect of R using nonlocal artificial boundary conditions

TABLE 3. The effect of the location of I'g using a local artificial
boundary condition (N = 1)

Location R=1.0 R=15 R=20 R=25 R=3.0
max |u — ﬂ}m 9.5675E-2 | 6.0485E-2 | 4.3960E-2 | 3.4578E-2 | 2.8531E-2

l[u — @ [lo.0o | 5.9929E-2 | 2.2710E-2 | 1.5862E-2 | 1.0996E-2 | 7.8054E-3
u—at g, | 0.6290 | 03570 | 0.3096 0.2740 0.2483

the mesh size h when N is very large (say N = 51). In this case Ry = R, so the
effect of R in the error estimate (3.50) disappears. Figure 2 shows the errors E, :=
[ufy — uP [[5,0, (k=0,1) on the mesh 16 x 160 for different N. Third we test the
effect of the location of the artificial boundary T'.. Let Qg = {z : 0.5 < |z| < R}
denotes the bounded computational domain with the artificial boundary I'r. We
choose R = 1.0, 1.5, 2.0, 2.5, 3.0. The corresponding meshes we used were 8 x 40,
16 x40, 24 x40, 32 x 40 and 40 x 40, respectively. That is to say, each computational
domain has a mesh with the fixed mesh size h = 0.07854. Let uf,j denote the finite
element approximation of the problem on the domain Qg with the corresponding
mesh by using the nonlocal artificial boundary condition (2.20) on the artificial
boundary T'g. uZ corresponds to the solution when N is very large (say N = 51)
and ﬂﬁ corresponds to the solution using the high-order local artificial boundary
condition (2.31) at ['. Tables 3 and 4 shows the maximum errors of u — @ over
the mesh points, ||u — @500, and |u — @ft|; o, for N = 1,3. Further, Figure 3
shows the errors Eg := [[ufl — uf||;q, for different R, and Figure 4 shows the
errors Eg := ||ull — a1 q, for different R.

Tables 2-4 and Figures 2-4 demonstrate the performance of the error estimate
(3.50) and (4.23). In practice, if one wants to use a local artificial boundary condi-
tion, we advise using the one corresponding to N = 1. This condition is very simple
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-1.2 -1 08 06 04 02 0
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FIGURE 4. The effect of R using local artificial boundary conditions

TABLE 4. The effect of the location of I'r using a local artificial
boundary condition (N = 3)

Location |R=10|R=15] R=20 | R=25 | R=30

max|u—at| | 0.2552 | 0.1910 | 0.1489 | 0.1212 | 0.1019
u—a"lo0, | 0.2020 | 0.1136 | 7.0255E-2 | 4.6411E-2 | 3.2470E-2
lu—ah|io, | 1.3323 | 0.7880 | 0.6025 | 0.4889 | 0.4142

and easy to deal with by using the standard finite elements. From our numerical
results, the local artificial boundary condition corresponding to N = 3 is not better
than the one corresponding to N = 1. One reason is the constant C(;) < C3) in

(4.13) and errors in the numerical integration for the part by, (u, v). Thus in pratical
computation, the cases N > 3 need further study. The analogous numerical results
for the Laplacian equation can be found in [10].
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